Stored Energy Q and Frequency Sensitivity of Planar Aperture Antennas
A recent paper by Rhodes discusses the stored energy Q and frequency sensitivity of planar aperture antennas [l] . The following comments are offered for the purpose of clarifying some of the concepts involved.
1) For an aperture in an infinite conducting plane the electromagnetic field may be expressed in terms of the tangential electric field in the aperture by a double Fourier transform. This leads to a field representation in terms of a spectrum of propagating and evanescent plane waves. The time average energy stored in the magnetic field and electric field of the evanescent part of the spectrum consists of two terms of the form (these may be identified by referring to the paper by Rhodes [ l ] It is then concluded that the "physically obsemable" stored energies are given by (TI-m) = 2Q:
(34 (TI.-e;> = 2Q;.
(3bj An argument for the uniqueness of these definitions is presented.
The present author feels that these definitions are of an ad hoc nature and cannot be claimed to be unique. To support this conclusion note that a term (C,Q,+C,Q,) where C, and C, are two arbitrary positive constants, can be added and subtracted to the expressions for stored energy. Thus the quantities /TITm':' = 2Q2 + (C1Q2 + C2Q4j (4a) ([I-*>' = X); + (C1Q2 + CzQ4:) (Ib) satisfy the same uniqueness arguments presented by Rhodes and hence a contradiction is arrived at.
2) It is not at all clear in what sense the "observable parts" C Wmj and iW,j introduced by Rhodes can be claimed to be physically observable since no method, direct or indirect, is presented for obtaining an exact measure of these quantities.
They are obuiously not state functions in the thermodynamic sense.
3) The Q of an antenna is not a particularly significant parameter in itself unless it can be shown that it is related to some other parameter, such as the frequency sensitivity of the antenna input reactance, which has a real practical significance as regards the performance of the antenna. In actual fact it probably makes more sense to focus attention on the bandwidth and the frequency sensitivManuscript received January 6, 1967.
ity of the input reactance directly rather than trying to get at these quantities through a knowledge of the Q.
4) It is well known (Foster's reactance theorem) that for a pure reactive network the frequency derivative of the input reactance or susceptance is proportional to the total average stored magnetic and electric energy. However; this is generally not true for an arbitrary reactive network terminated in a resistive load. Hence, one should not expect to be able to prove that such a result is universally true for antennas. Indeed, the slope of the input reactance of an antenna can be negative.
A fundamental paper dealing with the frequency derivative of antenna reactance functions was presented by Lads a number of years ago [3]. In that paper it is shown that it is important to specify some constraint, either on the input current or voltage to the antenna, to obtain a meaningful result from the frequency derivative of w(W,-W e ) where HIm-W e is the net reactive energy stored in the field surrounding the antenna. These constraints are not required for the frequency derivative of a reactance function since the latter does not depend on the input current. In the example worked by Rhodes, no mention of a constraint is made in evaluating the frequency drivative of W( W, -We).
In a previous paper it v a s shown that for the class of aperture fields for Lvhich Ft(k,, k,) =O 
5)
Collin and Rothschild r21 are guilty of making the statement that aperture fikds; for which F f does not vanish on the circle kuZ+k,2 = k 2 , are not physically realizable because they make the formal expressions for stored energy in the evanescent field infinite. The present author is now inclined to agree w-ith Rhodes that this is a highly restrictive condition and should not be applied. The energy The last term is the contribution to the derivative from variation in the lower limit of integration with respect to k. The singular term in the integration over p may be integrated by parts to give lim r z e o LZ7 tqm 
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At the lower limit the integrated term cancels the last term in (8). Q. = -P However, such definitions are completely arbitrary and in particular may lead to negative values for Qe and effective stored energy W' since (9) can be negative.
We can summarize the above discussion into two main conclusions. a) For planar apertures with space factors that vanish on the circle kt = k the energy stored in the evanescent field is finite and the Q is given by and can be related to the reciprocal bandwidth for large Q for apertures tuned to resonance. b) For planar apertures with space factors that do not vanish on the circle kt = k, the stored energy in the evanescent field may become infinite but the frequency derivative of W ( We-W,) remains finite and can be negative. Both of these conclusions require the constraint that the aperture field be held constant when the derivative with respect to w is taken.
When the relation given by (1 1) holds, the Q can also be related to the aperture susceptance and its frequency derivative [2] . (Note that in (22) 
Author's Reply
Dr. Borgiotti has raised an interesting and unexpected point. I had based the case for uniqueness of my formulas (15) and (16) Dr. Collin also has questioned the uniqueness of my formulas. Again let me refer to the argument below. As for the meaning of my "physically observable stored energies," they are defined to be those parts of the volume integrals in the complex Poynting theorem that contribute to complex power at the aperture and that are physically consistent with Poynting's interpretation of his volume integrals as stored energies.
I agree with Collin that the Q of an antenna, which is not a measurable parameter, is of practical significance only if it can be shown to be related to some measurable parameter such as bandwidth. In the antenna synthesis area, to which my work on stored energy was directed, one would prefer to use bandwidth rather than Q as the energy constraining parameter. The difficulty with bandwidth, however, is that it requires a knowledge of the complete frequency behavior of the antenna. This introduces another dimension into the synthesis problem, including all of the difliculties associated with causality, as I pointed out earlier in my paper. The practical advantage of Q as the constraining parameter is that it requires no knowledge of frequency behavior. The synthesis solution need then be obtained only at a single frequency (resonance), thereby avoiding the problem of finding a frequency-dependent solution.
Manuscript received Februaq S, 1967.
I agree also with Collin that one should not expect to be able to prove that an exact reciprocal relationship exists between the bandwidth and Q of antennas, any more than that such an exact relationship exists for nonradiating systems. But I firmly believe that such a n asymptotic relationship must exist for any complete radiating system, just as surely as it does for nonradiating systems. The fact that the slope of the input reactance can be negative at some frequencies is immaterial; it is always positive at the only frequency (resonance) for which bandwidth and Q are defined. I further believe that any frequencydependent solution obtained by assuming that the aperture fields are independent of frequency would be totally unrealistic because it would be noncausal. In the case of an aperture excited by a cavity, for example, there is no basis for believing that the fields in the aperture would be any more independent of frequency than would those anywhere else, either inside or outside of the cavity. And in the case of the dipole with its well-established sinusoidal current distribution in the neighborhood of resonance, the dependence on frequency appears explicitly.
Borgiotti's counterexample was derived strictly from the surface integral of the complex Poynting vector over the aperture. On the other hand, the physical basis for the concept of energy storage arises from the volume integrals on which I had based the derivation of my formulas. From recent private correspondence with Dr. Borgiotti I found that he had recognized this, too, and on this basis had obtained another pair of formulas (7) and (8) The following argument for uniqueness will be based on showing that my formulas (15) and (16) are the only parts of the volume integrals (13) and (14) that contribute t o complex power at the aperture [l] and that are also physically consistent with Poynting's interpretation [4] of the volume integrals in his celebrated energy theorem (7). Poynting's interpretation does not apply here directly because his energy theorem is for instantaneous values, not time-averages with timeharmonic fields (it appears that he may never have known of the complex Poynting theorem). But we can require physical consistency based on the corresponding interpretation of the complex Poynting theorem.
Consider first the total contribution to the two volume integrals by the visible region of the pattern space factor. The two are infinite, but they are also always identically equal, which can be seen by working them out in detail. Consequently, their difference will always be identically zero. so cannot contribute to complex power at the aperture. All observable effects must then be attributable solely to contributions from the invisible region.
From the invisible region. three of the six field components (the normal magnetic and the two tangential electric) produce contributions that are alway-s finite. Each is clearly the full and unique contribution produced by that field component alone, just as in Poynting's own volume integrals (only the visible region is missing here, and that only because its contribution is unobservable). Any identical cancellation would cause them to lose the classical ph>-sical meaning that the Poynting interpretation attributes to those contributions inditiduall>-. Therefore. there appears to be little alternative to the conclusion that each must be the complete and unique representation for observable stored energy produced by that field component.
Consider nest the contribution to the volume intgrals by the other three components. Each is infinite. Physically. then, each would be expected to be unobservable because the infinities do not appear in the expression for complex power at the aperture. But that is only partly-true. Although the infinities are. indeed. unobservable because they cancel identically. the cancellation leaves finite residues. The residues cannot represent stored energies produced by each of these components individually because a large part of the contribution by each component is missing: the infinities have been cancelled. So if the residues are to represent stored energies at all they must be expressed. instead, in terms of the stored energies already estab lished for the other three components. This was precisely the choice of residues that I had made earlier (implicitly) in my paper. It resulted in values for total observable stored energies that are exactly twice those produced by just the field components that vanish in the plane outside of the aperture (normal magnetic and tangential electric). And these residues are physically unique, in the sense that they are the only ones that can be expressed wholly in terms of quantities already established as representing observable stored energies. If any further identical addition or subtraction were to be made, as Borgiotti and Collin suggest might be possible, the resulting quantities would not be interpretable ph>-sically as representing stored energies. To the extent that the parts of the volume integrals contributing to complex power through the aperture are consistent with Poynting's interpretation of his volume integrals, then, it appears that my formulas for observable stored energies are unique.
An important consequence in support of the uniqueness of these formulas is the effect that any change in them would have on the asymptotic reciprocal relationship between bandaidth and Q. For the only case in which a test of that relationship has ever been made on a radiating system; namely. that of the planar dipole, the formulas show that the reciprocal relationship becomes exact as Q 
G. V . Borgiotri
Dr. Rhodes bases his reply to our communication on the following two main arguments.
a) The expression for the difference of the reactive energies must be obtained from the volume integral. b) Equations (15) and (16) are consistent with the usual interpretation of the two terms in the volume integral in the expression of Poynting theorem. Let us briefly discuss these two points. We do not need to discuss a) in detail, because we can simply state that our formula (10) can be obtained also by using the volume integral. As a matter of fact exactly this procedure was utilized in Section 111 of our communication.
We introduced the representation of the field (3) and (3) into Rhodes' results (obtained by using the volume integral) and obtained again our espressions (previously found in a simpler way by using the surface integral).
Since point b) does not seem clear, it s e e m appropriate to make some additional comments about the application of the Poynting theorem to aperture antennas theory.
From the Poynting theorem in integral form we can only obtain (t/zrolrg/z a surface or a cobme inregrd) 2~ times the difference between the average magnetic and electric energies stored in the half space into which the planar antenna is radiating. Notice that each of these energies is actually infinite: in fact in the far field of the antenna the densities of electric and magnetic energies decay as l / r * .
However, going far away from the antenna, such densities tcnd asymptotically to be identical (because of the radiation conditions). Therefore the difference of the total magnetic and electric energies turns out to have a finite value. This is of course the physical counterpart of the mathematical fact that (using the fl of the field) the two divergent parts of the integrals (1 3) and (14) exactly cancel. The Manuscript received Januar?. 30, 1967. reactive power of the antenna is then represented by the difference of two integrals on the invisible space. Such a difference is uniquely determined, but its two terms on the other hand depend upon the way of representing the field. If the field is represented as the superposition of two orthogonal parts, TE and TM with respect to a direction perpendicular to the aperture, the two integrals have the particular significance (briefly discussed in Section 111 of our communication) of reactive powers associated with these two independent components of the field.
For c l d y ' s sake let us stress now that the two terms of (10) cannot be in any way considered quantities proportional to the magnetic and electric erzergie.9 of the antenna field, respectively. Such an interpretation would lead to the absurd result of a zero density of electric or magnetic energy, respectively, for a field purely TE or TM (for instance the TE field of a small planar current loop). Incidentally it is easy to check from (the dual of) (15) and (16), or from our ( 1 3 ) and (14) that Rhodes' results would also lead to the same untenable conclusion.
It is worth adding a few words about the debated question of the Q and bandwidth of an aperture. We have already shown, with an example, that when (10) is zero, the ratio of one of the t e r m of the difference (IO) to the radiated power cannot be generally considered an indication of the frequency sensitivity of the input impedance. At the present stage of antenna theory it is still an open question whether it is possible to determine a functional of some components of the aperture field, calculated at one frequency, which in the general case can be simply related to the bandwidth of a radiating system.
The Gain of a Horizontal Half-Wave Dipole Over Ground
Gain measurements of on-site horizontally polarized HF antennas are usually performed by comparing the power received by the antenna being measured (the test antenna) to the power received by a near-by standard-gain (horizontal half-wave dipole) reference antenna when both are illuminated by a transmitting antenna mounted on an airplane flying in the far field.' It has recently been shown that this same type of measurement, using the same reference dipole, can be employed in making gain measurements of vertically polarized HF antennas if a small rotatable transmitting antenna is used on the airplane.* A 
